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Abstract

In this paper we present a new method of interval fuzzy model identification. The method combines a fuzzy identification methodology
with some ideas from linear programming theory. On a finite set of measured data, an optimality criterion that minimizes the maximal
estimation error between the data and the proposed fuzzy model output is used. The idea is then extended to modelling the optimal lower
and upper bound functions that define the band that contains all the measurement values. This results in a lower and an upper fuzzy model
or a fuzzy model with a set of lower and upper parameters. The model is called the interval fuzzy model (INFUMO). The method can
be used when describing a family of uncertain nonlinear functions or when the systems with uncertain physical parameters are observed.
We believe that the fuzzy interval model can be very efficiently used, especially in fault detection and in robust control design.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction in contrast to neural networks, if the Lipschitz constant of
the nonlinear function is known, it is possible to calculate
The problem of the function approximation from a finite the number of terms required to obtain a given error. An up-
set of measured data using an optimality criterion that min- per and lower PWL function can be evaluated to optimally
imizes the estimation error has received a great deal of at-describe the interval of all the possible values of the uncer-
tention in the scientific community, especially with the ad- tain function. A salient feature of the methodology is that the
vent of neural network techniques. Continuous piecewise approximation problem is reduced to a linear programming
linear (PWL) functions have also been used for the func- (LP) problem, for which efficient solution algorithms exist
tion approximation, particularly since the introduction of the (Vanderbei, 1996
canonical expression yhua and Deng (1988%ince then a The fuzzy model, in Takagi—Sugeno (TS) form, approxi-
high-level canonical piecewise linear (HLCPWL) represen- mates the nonlinear system by smoothly interpolating affine
tation of all the continuous PWL mappings defined over a local models Takagi & Sugeno, 1985 Each local model
simplicial partition of a domain im-dimensional space has contributes to the global model in a fuzzy subset of the
been introduced byulian, Jordan, and Desages (1988} space characterized by a membership function. In this pa-
Julian, Desages, and Agamennoni (1998)is representa-  per we look at the development of an interval-norm
tion is able to uniformly approximate any Lipschitz con- function approximation methodology problem using the LP
tinuous function defined on a compact domain. Moreover, technique and the TS fuzzy-logic approach. This results in
- a lower and upper fuzzy model or a fuzzy model with lower
" This paper was not presented at any IFAC meeting. This paper was and upper parameters. We call this model the interval fuzzy
recommended fc_Jr pL’Jbllcatlon.ln revised form by Associate Editor J.H. model (INFUMO). It is well known that the structure and
Lee under the direction of Editor P. Van den Hof. . L
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1994. Therefore, the proposed approach will exhibit an extra setA, ;. To make the list of fuzzy rules complete, all possi-
degree of flexibility in the domain partition as well as in the ble variations of fuzzy sets are given in Eq. (1), yielding the
use of different membership functions compared with the number of fuzzy rules: = f1 x f2> x - -- x f,. The variables
HLCPWL technique. xp; are not the only inputs of the fuzzy system. Implicitly,
The interval fuzzy model identification is a methodology the n-element vectox' = [x1, ..., x,] also represents an
for approximating the functions of a finite set of input and input to the system. It is usually referred to as the conse-
output measurements that can also be used to compress inquence vector. The functions; (-) can be arbitrary smooth
formation in the case of a nonlinear function family approx- functions in general, although linear or affine functions are
imation to obtain the interval of parameters that results in normally used.
a band containing the whole set of measurements. This is The system in Eqg. (1) can be described in closed form
of great importance in many technological areas, e.g., theif the intersection of the fuzzy sets is previously defined.
modelling of nonlinear time-invariant systems with uncer- The generalized form of the intersection is the so-called
tain physical parameters, such as nonlinear circuits. The in-triangular norm(T-norm). In our case, the latter was chosen
terval fuzzy models are also very efficient when used for as an algebraic product providing the output of the fuzzy
fault detection. With fault detection the INFUMO model of system:

/e
. Z/{ll:]_ 2}522:1 ce Zk::l 'uAl,kl (Xpl)NA2>k2 (xp2) R 'qu,kq (qu)(i)j (X) @
- J f: /e ’
Zki:l Zkzzzl T ZkZ:]_ 'uAl.kl (xpl)'qu,kz (xp2) o lqu,kq (qu)

It should be noted that there is a slight abuse of notation in
a normal data set is identified and compared with the testedgq. (2), sincq is not explicitly defined as a running index.

data. When the data of the tested system do not correspondrom Eq. (1) it is evident that eaghcorresponds to the
to the tolerance band defined by lower and upper model thenspecific variation of indexek;, i =1, ..., g.

we can assume the faulty functioning of the corresponding  To simplify Eq. (2), a partition of unity is considered

system. where the functionﬁj (Xp), defined by
Bag g CpDHa,, (Xp2) - fa, . (Xpg)
ﬁ](Xp): A B 1kq 2,kp q.kq j=1,---,m, (3)
k=1 Zkz Zk =1 Hay Ky Pl)'qu,kz (po) < Hag g, (x pq)

give information about the fulfilment of the respective
The paper is organized as follows: Section 2 provides the fuzzy rule in the normalized form. It is obvious that
background to the fuzzy modelling; Section 3 describes the Z 1B;(xp) = Lirrespective ok, as long as the denom-
idea of fuzzy-model identification usirlg, norm; Section 4 mator of §;(x,) is not equal to zero (this can be easily
introduces the interval fuzzy model identification; and Sec- prevented by stretching the membership functions over the
tion 5 presents an application to the approximation of con- whole potential area ok,). Combining Egs. (2) and (3)
tinuous functions. and changing the summation overto a summation over
we arrive at the following equation:

m
2. Nonlinear model described in fuzzy form y= Z Bi(Xp);(X). (4)
=1
A typical fuzzy model Takagi & Sugeno, 1985s given !
in the form of rules From Eq. (4) itis evident that the output of a fuzzy system
. . . is a function of the premise vectay, (g-dimensional) and
Rj :if xp1is Ark andxp2 is Az, and...and the consequence vectar(n-dimensional). The dimension
Xpg IS Aq kK theny=¢;(x), j=1....m, of the input space may be lower thap+n) since it is very
k1= k=1 o kg =1 fy common to have the same variables present in veatprs
1) andx. Vectorz (d-dimensional) is composed of the elements
of x,,, and those ok that are not present ix,,.
Theg-element VeCtOK; =[xp1, ..., Xpq] denotes the input Very often, the output value is defined as a linear combi-
or variables in premise, and the varialylés the output of ~ Nation of consequence states
the model. With each variable in premisg (i=1, ..., q), ;
premisg (i D p0=0T% j=1....m, 01 =[01...,0,] (5)

fi fuzzy setsf; 1, ..., A; 1) are connected, and each fuzzy
setAiy (ki =1,.... fi) is associated with a real-valued If the TS model of the Oth order is chosep; (x) = 0o,
function iy, (xpi) : R — [0, 1], that produces the mem-  and in the case of the first-order model, the consequent is
bership grade of the variable,; with respect to the fuzzy ¢ ;(X) =00 + 0}—X. Both cases can be treated with model
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(5) by adding 1 to the vectax and augmenting vecta? the error with respect t&,. The answer lies in the proper
with 0;0. To simplify the notation, only the model in Eq. arrangement of membership functions. This is a well-known
(5) will be treated in the rest of the paper. If the matrix problem in fuzzy systems. It can be overcome with a cluster
of the coefficients for the whole set of rules is written as analysis Bezdek, Coray, Gunderson, & Watson, 198]a,b

®" =04, ..., 0,], and the vector of membership values as or other approaches. The details will not be discussed in
ﬁT(xp)=[[31(xp), ..., " (xp)], then Eq. (4) can be rewritten  this paper. By having the membership functions defined, the
in the matrix form structure of the model is known and only the parame&rs

T are to be defined by thmin—maxoptimization
y=pB (Xp)OXx. (6)

The fuzzy model in the form given in Eq. (6) is referred
to as the affine TS model and can be used to approximate
any arbitrary function that maps the compactGet R? to Lemma 1. The min-max optimization problem can be
R with any desired degree of accura¢§oéko, 1994; Ying, solved as the linear programming problem of minimizing
1997; Wang & Mendel, 1992The generality can be proven subject to the inequalities

with the Stone—Weierstrass theoreBo{dberg, 197Bwhich m

suggest that any cont_inuous func_:tiqn can be approximatedyl_ _ Z ﬁ‘(xpi)aTXi <) i=12....N.

by a fuzzy basis function expansiohir§, 1997). / J

©® =arg minmax |y; — B (X)) Ox;|. (11)
® zeZ

j=1
m
3. Fuzzy model identification usingl,, norm —yi + Z B; (xp,»)GjT-xi <4, i=12,...,N, >0
j=1
In this section we discuss an approach to the model pa- (12)

rameter estimation where tllg, norm is used as the crite- . )
rion for the measure of the modelling error. We assume a setOn the parametef; (j =1....,m). The resultingl stands

of premise vectorp = {X,1. X,2. ... X,y} and a set of ~ for the maximum approximation error

antecedent (or consequence) vectrs: {X1, X2, ..., Xy}, .

from which a seZ = {z1, 2, ..., zy} can be constructed  Proof. If we define

that represents the input measurement data, collected from "

the compact se§ C R?. A set of corresponding outputs ) _ max Vi — Z B; (Xpi)o}-xi (13)
is also defined a¥ = {y1, y2, ..., yn}. The measurements zeZ o ’

satisfy the nonlinear equation of the system
) and take into account that encapsulates the information in
yi=g@), i=1...,N. (7) vectorsx,,; andx;, this directly implies the following system

According to the Stone—Weierstrass theorem , for any given ©f inequalities:

real continuous functioy on a compact set) ¢ R and

. . m )
arbitrarye > 0 , there exist a fuzzy systefrsuch that Vi — Z B oijl. <A, i=12...,N (14)
max| f(z) — g(@)l <&, Vi. (8) =t
Zi e

o L . i which can then be written in the form (12). This con-
This implies the approximation of any given real continuous cludes the proof of Lemma 1, and the optimization problem

function with a fuzzy function from clas ¢ defined in from (11) can be stated as the minimization oBubject
Eq. (6). However, it has to be pointed out that lower values to (12). [

of ¢ imply higher values ofin that satisfy Eq. (8). In the
case of the approximation, the error between the measured The idea of an approximation can be interpreted as the

values and the fuzzy function outputs can be defined as )¢t representative fuzzy function to describe the domain
ei=yi— fx;), i=1,...,N. 9) of output_sY as a function of inputZ. This problem can

also be viewed as a problem of data reduction, which often
To estimate the optimal parameters of the proposed fuzzy appears in identification problems with large data sets.
function the minimization of the maximum modelling error

g]gzx yi = f (@) (10) 4. Interval fuzzy model identification

over the whole input sét is performed. This is thenin-max In the case of an uncertain nonlinear function, which can

optimization method. In the case of the TS model in EQ. pa gefined as a member of the family of functions
(6), the minimization of the expression in Eq. (10) can be

performed in two steps. The first problem is how to minimize % = {g : S — RY|g(2) = gnom(2) + Ag(2)}, (15)
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wheregnom stands for the nominal function, the uncertainty
Ag satisfies supg|Ag(2)|<c, ¢ € R.

Let us consider a functiop € ¢4 and corresponding set
of measured output valués={y1, ..., yy} over the set of
inputsZ, i.e.,yi =¢(z),g€%,2€S,i=1,...,N.

The idea of robust interval fuzzy modelling is to find
a lower fuzzy functionf and an upper fuzzy functiorf
satisfying a
f(@z)<gz)< f(z),

Vz; € S. (16)

In this sense, a function from cla%scan always be found in
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Proof. The proof inferred  from

Lemmal. O

can be directly

The interval fuzzy modelling can be used efficiently in
the case of fault detection where the data set of normal
operating systems is modelled by INFUMO to obtain the
band of normal functioning. During operations this band
is calculated on-line and it is checked if a measurement
corresponds to the normal functioning band or not. If the
measurement violates the tolerance band, one can assume
that a malfunction might have occurred. The proposed model
can also be used for the case of robust control design as

the band defined by the upper and the lower fuzzy function. described irAckermann (1993)

The main request in defining the band is that it is as narrow

as possible according to the proposed constraints. The prob-
lem has been treated in the literature using the PWL function 5 |yierval fuzzy model of simplified car dynamics

approximation Julian et al., 1998 Our approach using the

fuzzy function approximation can be viewed as a generaliza-

tion of the PWL approach and gives a better approximation,
or at least a much narrower approximation band.

The upper and the lower fuzzy functions, respectively, can
be found by solving the following optimization problems:

mfin max |y — £(z)| subject toy; — f(z) >0, Vi, (17)
S zie - -

min max|y; — f(z)| subject toy; — f(z) <0, Vi. (18)
f S

The solutions to both problems can be found by linear pro-

gramming, because both problems can be viewed as linear

programming problems, as is stated in the following lemma.
First, we have to define a lower and an upper fuzzy function
as f(2) = BT (x,)®x and f(2) = BT (x,)Ox.

Lemma 2. The min—max optimization problems in E¢fs7)
and(18) can be solved as the linear programming problems
of minimizing/1 and Az, subject to the inequalities

m
yi— > Bixp0ixi <1, i=1,...,N,
j=1
m T
vi— ) Bixp;xi 20, i=1....N, i1>0 (19)
j=1
and
m T
—yi + Z Bi(Xpi)0;xi <l2, i=1...,N
j=1
m
yi= D Bixp0ixi <0, i=1....N, >0 (20)
j=1
on the parameterd;, 0;, j=1,...,m, and /1 and J,

that stand for the maximum approximation errors of both
approximation functions

The interval fuzzy modelling is presented for a nonlinear
time-invariant system with uncertain physical parameters.
These parameters are given as the interval between the min-
imal value and the maximal valué, e [a, a] (Ackermann,
1993. The system that is observed is a simplified car dy-
namics with uncertain parameters of the engine force. The
mathematical model that describes the dynamics is

. Jelw,v) — fa
V=""T"T——"—"",

m

fe(u, v) = Ke(1+ a1u)

x (14 arctardzu? + azv + ag)), (21)

wherev stands for the velocity of the car in misjs the po-
sition of the throttle in the rang®, 1], mstands for the mass
of the car and is equal to 1000 kg (u, v) is the force of the
engine andf; is the resistance force and is approximated
by a constant of 1000 N. Some of the engine parameters are
uncertain and vary due to the operating conditions. The val-
ues of the constants in the model are as follaws=3, a> €
[4.2,7.8], a3=—0.35,a4=1.2 andKe € [600, 900 N. The
characteristic of the engine for a choice of uncertain param-
etersKe.="750 N anduz =6 is shown inFig. 1 Fig. 1shows
that the characteristic of the engine is highly nonlinear.
This model, with its uncertain parameters, is used to obtain
the data set for the identification of the interval fuzzy model.
Five different simulated responses of the car's dynamics
(a nominal one and four combinations of the maximal and
minimal values of both interval parameters) to the same
input signal and different values of the uncertain parameters
are obtained and shown Kig. 2 The first half of the data
set was used to estimate the parameters of the INFUMO
and the second half was used to validate the INFUMO. The
observed time responses of the car exhibit the nonlinear
dynamics of the first order. The partitioning of the space
into fuzzy partitions and the number of fuzzy partitions is
done using fuzzg-means clustering algorithm as proposed
in Babuska (1998)andBezdek et al.(1981a,land is shown
in Fig. 3 The lower and the upper bound of the whole
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Fig. 2. The set of the modelled data—the car dynamics with uncertain

parameters.
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Fig. 3. The resulting membership functions obtained-myeans clustering
algorithm.
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da.ta set can be obtained With the |NF.UMO.0T the .fOHOWing Fig. 4. The validation of INFUMO model where the grey area represents
affine form, where the operating domain is divided into seven the data set of the whole family of responses.

membership functions that are the same for the lower and

upper bounds:
Bj Hif v(k) is Aj thenv(k + 1)
= aju(®) +bjut) +r;, j=1...7, (22)

R; :if v(k) is A; thenv(k + 1)
=a;otk) +bjutk)+7r;, j=1...,7 (23)

The final structure of the INFUMO is written in the fol-

lowing form with interval parameter&\¢kermann, 1998
R; : if §(k)isA; thend(k + 1)
=a;v(k) + bjulk) + 7}, (24)
aj=la;,a;l. bj=1b;,bjl. Fj=Ir;.7l,
j=1....7 (25)
The validation of the INFUMO is shown ifig. 4 The

grey area represents the band of measured data set while the
lines show the lower and upper INFUMO model responses.
Fig. 5shows the difference between INFUMO responses and
the measured data set bounds. Note thasupv is always
positive andv — inf v is always negative, which shows that
the measured data set actually lies within the INFUMO band.
As shown in Section 2, the proposed approach is not limited
to only one variable in premise. The addition of an extra
variable into premise would result in better approximation

if this variable influences the nonlinearity of the system.

6. Conclusion

A new method of interval fuzzy model identification has
been proposed that is applicable when a finite set of mea-



332 I. Skrjanc et al. / Automatica 41 (2005) 327—332

2.5 . . . . . . . . . References
v -sup(v)

Ackermann, J. (1993)Robust contral Berlin: Springer.

Babuska, R. (1998fuzzy modeling for controBoston: Kluwer Academic
Publishers.

Bezdek, J. C., Coray, C., Gunderson, R., & Watson, J. (1981a). Detection
and characterization of cluster substructure, I. Linear structure: Fuzzy
c-lines. SIAM Journal of Applied Mathematic40(2), 339-357.

Bezdek, J. C., Coray, C., Gunderson, R., & Watson, J. (1981b). Detection
and characterization of cluster substructure, Il. Linear structure: Fuzzy
c-varieties and convex combination there8fAM Journal of Applied

-0.5 Mathematics 40(2), 358—372.

Chua, L. O., & Deng, A. (1988). Canonical piecewise-linear representation.
IEEE Transactions on Circuits and Syster8§, 511-525.

Goldberg, R. R. (1976)Methods of real analysisNew York: Wiley.

Julian, P., Desages, A., & Agamennoni, O. (1999). High-level canonical
piecewise linear representation using a simplicial partititBEE
Transactions on Circuits and Systems-1: Fundamental Theory and
Applications 46(4), 463—-480.

Julian, P., Jordan, M., & Desages, A. (1998). Canonical piecewise linear
approximation of smooth functionEEEE Transactions on Circuits and
Systems45, 567-571.

Kosko, B. (1994). Fuzzy systems as universal approximattit&EE

surement data are available. The method combines a fuzzy Transactions on Computerd3(11), 1329-1333.

identification methodology with some ideas from linear pro- Lin, C.-H. (1997). Siso nonlinear system identification using a fuzzy-

gramming theory. The idea is then extended to the mode”ing neural hybrid systeminternational Journal of Neural System&(3),

: : : 325-337.
of the optimal lower and upper bound functions that define ' R .
the b (Fj) that tai I ’E)hp t val Thi Takagi, T., & Sugeno, M. (1985). Fuzzy identification of systems and its
e E_m at contains a € measurement va ues._ IS re- applications to modelling and contrdEEE Transactions on Systems,
sults in the lower and upper fuzzy models or the interval  man, and Cyberneticsl5, 116-132.
fuzzy model (INFUMO). The INFUMO is of great impor-  Vanderbei, R. (1996)Linear programming Foundations and extensions
tance in the case of families of functions where the param-  Dordecht: Kluwer Academic Publisher. , ,
eters of the observed system vary in certain intervals. This Va9, L-X. & Mendel, J. M. (1992). Fuzzy basis functions,
. .. universal approximation, and orthogonal least-squares leartfite
approach can also be used in data mining to compress the ..sactions on Neural Networks(5), 807—814.
information or in robust system identification, which can be ving, H. G. C. (1997). Necessary conditions for some typical fuzzy

of great importance in fault detection. systems as universal approximatofsitomatica 33, 1333-1338.

v_-inf(v)

50 100 150 200 250 300 350 400 450 500
t

Fig. 5. The upper and the lower bound modelling error.



	Identification of dynamical systems with a robust interval fuzzy model62626262
	Introduction
	Nonlinear model described in fuzzy form
	Fuzzy model identification using l norm
	Interval fuzzy model identification
	Interval fuzzy model of simplified car dynamics
	Conclusion
	References


